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Abstract 



The relativistic calculations of the electromagnetic form factors 
and static moments of p-meson are given in the framework of the 
. relativistic Hamiltonian dynamics with different model wave func- 

I tions. The impulse approximation is used. Lorentz covariance and 

' conservation law for the electromagnetic current operator are taken 

2 ■ into account. 

o 

^ Introduction 

p • A new relativistic approach to electroweak properties of composite systems 

^ ■ has been proposed in our recent papers [1, 2]. The approach is based on the 

use of the instant form (IF) of relativistic Hamiltonian dynamics (RHD). 
The detailed description of RHD can be found in the review [3]. Some other 
^ I references as well as some basic equations of RHD approach are given in 

c5| Ref.[l, 2]. 

In the paper [1] our approach was used to give a realistic calculation 
of electroweak properties of pion considered as composite quark-antiquark 
system. The electromagnetic form factor and the lepton decay constant 
were calculated for pion using different model wave functions for the relative 
motion of quarks in pion. 

Now our aim is to describe the electromagnetic properties of more com- 
plicated systems, namely, p-meson as the composite system of two particles 
of spin 1/2 (quarks) with total spin one and total angular momentum one 
and with zero orbital momentum. The main problem is a construction of 
electromagnetic current operator satisfying standard conditions (Lorentz 
covariance, conservation law etc., see, e.g., Ref. [4]). 
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The basic point of our approach [1, 2] to the construction of the elec- 
tromagnetic current operator is the general method of relativistic invariant 
parameterization of local operator matrix elements proposed as long ago as 
in 1963 by Cheshkov and Shirokov [5]. 

In fact , this parameterization is a realization of the Wigner-Eckart theo- 
rem for the Poincare group and so it enables one for given matrix element of 
arbitrary tensor dimension to separate the reduced matrix elements (form 
factors) that are invariant under the Poincare group. The matrix element 
of a given operator is represented as a sum of terms, each one of them 
being a covariant part multiplied by an invariant part. In such a represen- 
tation a covariant part describes transformation (geometrical) properties of 
the matrix element, while all the dynamical information on the transition 
is contained in the invariant part - reduced matrix elements. In the case 
of composite systems these form factors appearing through the canonical 
parameterization are to be considered in the sense of distributions, that is 
they are generahzed instead of classical functions. As was demonstrated 
in Ref.[l] this fact takes place even in nonrelativistic case. It is in terms 
of form factors that the electroweak properties of composite systems are 
described in the frame of the approach [1, 2]. 

In our approach some rather general problems arising in the description 
of composite quark models have been solved. For example, the description 
of electromagnetic properties of composite systems in terms of form factors 
in Ref.[l], in fact, solves the problem of construction of the electromagnetic 
current satisfying the conditions of translation invariance, Lorentz covari- 
ance, conservation law, cluster separability and equality of the composite 
system charge to the sum of constituents charges (charge nonrenormaliz- 
ability) . 

Let us note that the importance of the problem of construction of elec- 
tromagnetic current is actual not only for RHD but for all relativistic ap- 
proaches to composite systems, including the field theoretical approaches 
[4, 6, 7, 8, 9, 10, 11]. 

Our calculations of the electromagnetic characteristics of p-meson are 
performed in the well known relativistic impulse approximation (lA). It 
means that the electromagnetic current of a composite system is a sum of 
one-particle currents of the constituents. It is worth emphasizing that in 
our method this approximation does not violate the standard conditions for 
the current. To-day a construction of relativistic impulse approximation 
without breaking of relativistic covariance and current conservation law is 
a common trend of different approaches [4, 8, 9, 11]. Let us note that 
in the present paper it is for the first time that such a construction has 
been realized for the case of nonzero spin in the frame of IF RHD. This is 
a variant of the relativistic impulse approximation formulated in terms of 
reduced matrix elements (see Ref. [1]) - the modified impulse approximation 
(MIA). 
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Using different model wave functions of quark relative motion we calcu- 
late the electromagnetic form factors and the static properties of p-meson 
supposing quarks to be in the S state of relative motion. It is interesting 
to mention that relativistic effects occur to produce a nonzero quadrupole 
moment and quadrupole form factor. It is well known that in the nonrela- 
tivistic case the non-zero quadrupole form factor is caused by the presence 
of the D- wave and is zero otherwise. 

The paper is organized as follows. In Sec. I the formalism developed 
in papers [1, 2] is used in the case of the system with total spin one and 
total angular momentum one. In terms of reduced matrix elements the so 
called modified impulse approximation (MIA) [1] is formulated. In MIA p 
- meson form factors are obtained explicitly. 

In Sec. II the results of calculations of static properties and electromag- 
netic form factors of p meson are discussed. 

In Sec. Ill the conclusion is given. 



1 Integral representation for the p-meson elec- 
tromagnetic form factors 

Let us consider the matrix element of the p-meson electromagnetic current. 
In our composite quark model the u- and d- quarks are in the S state of 
relative motion, that is / = /' = 0, with total spin one and total angular 
momentum one: J — J' — S — S' —1. This matrix element is given in the 
paper [2]: 

(Pc,mj,|j^(0)b-;',mS,) = {mj,\D\p,,p'J ^ ^^(t)i;|mS,) ; (1) 

i=l,3 

^lit) = /30 ; (2) 



here p'^ ,pc are 4- vectors of p-meson in initial and final states, m'j^ , mjc are 
projections of the total angular momenta, D^{pc, p'^) is matrix of Wigner 
rotation, T^{p'c) is 4- vector of spin, Mc is p-meson mass, /{q , /12 , /30 ^"^^ 
charge, quadrupole and magnetic form factors of p-meson respectively. 

The representation (1), and (2) of the matrix element satisfies all the 
conditions for the composite system electromagnetic current [4]. 

The integral representations for the composite system form factors in 
Eq. (1), and (2) are obtained in the papers [1, 2]: 

iLiQ^) = / d^sd^^{s)GUs,Q\s')^{s') , (3) 
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here ip{s) is wave function of quarks in RHD, Gin{s, Q^,s') is Lorentz covari- 
ant generalized function (reduced matrix element on the Poincare group). 

Our form factors in Eq. (2) can be written in terms of standard Sachs 
form factors for the system with the total angular momentum one. To do 
this let us write the parameterization of the electromagnetic current matrix 
element in the Breit frame (see, e.g., Ref. [12]): 



G"(g^) = 2pco (rr)Gc(g^) + 



PcO 



{Pc,mj\j,{QM',m'j)^G''{Q'), 

1 



2M2 



(4) 



Here Gc , Gq , Gm are the charge, quadrupole and magnetic form factors, 
respectively. 

The polarization vector in the Breit frame has the following form: 



e(±l) = -^(0, iFl, -i, 0), e^(0) = (0, 0, 0, 1). (5) 

The variables in C, are total angular momentum projections. 
In the Breit frame: 



q' = {Pc-p'cr = {0,Q), P 



{PcO , ^Q) 



Pc 



[Pco , -T^Q) , (6) 



Peo = yM2 + -g2, g = (o,o,g). 

Comparing Eq. (1) with Eq. (4) and taking into account the fact that in 
the Breit system Dl^^ ^r,{pc , p'^) = ^mjm'j , we have: 

GciQ') = floiQ') , Gq{Q') = ^ fUQ') , 

GM(Q')^-M,f^,(Q'). (7) 

Let us use for (3) the modified impulse approximation formulated in 
terms of form factors Giq{s,Q'^,s'). The physical meaning of this approxi- 
mation is considered in detail in Ref. [1]. In the frame of MIA the invariant 
form factors Giq{s, Q^, s') in (3) are changed by the free two-particle invari- 
ant form factors goi{s, Q^, s') {i = C, g, M) describing the electromagnetic 
properties of the system of two free particles. So, the equations to be used 
for the calculation of the p-meson properties in MIA are the following: 



GciQ') = I dV~s d^'^{s) gods , , s') ip{s') , 
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Gm{Q') 



2M} 



(8) 



Mc / d^/sdVs' Lp{s) goM{s ,Q ,s')(f{s' 



The free two-particle invariant form factors can be calculated by the 
methods of relativistic kinematics and have the following form. 

The charge free two-particle form factor: 

9oc{s,Q^s')^^R{s,Q',s') Q^x 

{{s + s' + Q^){Gl + G%) [2 cos(cui - UJ2) + cos(cui + UJ2)] - 
1 



X 



- Q^ s'){Gl, + GU [2 sin(a;i - u^) - sm{uj, + uj^)] 

The quadrupole free two-particle form factor: 

goQis,Q',s') = ^R{s,Q',s') x 

X {(s + s' + (5^)(G'e + G%) [cos(a;i — UJ2) — cos(a;i + UJ2)] - 

- j^Cis, Q', s') (G^ + Gt) [sin(u;i -002)+ sm{uji + 002)]^ ■ 
The magnetic free two-particle form factor: 



(9) 



(10) 



goM{s,Q\s') = -2R{s,Q\s') X 
X {i{s, Q\ s'){Gl + Gi) sin(a;i - ^2) + 



/3 1 
+ s' + Q^) Q'^ i- cos(a;i - ^2) + - cos(a;i + 102) 



--as,Q',s')[(3{s,Q',s')+(3{s',Q',s) 
X [sin(a;i — 002) — sin(a;i + 002)] 



X 



+ 



InEqs. (9)-(ll): 

{s + s' + 



Vs'{Vs' + 2M) 
[cos(a;i - UJ2) + cos(a;i + UJ2)] 



(11) 



R{s,Q\s') 



2^(s-4M2)(s'-4M2) [A(s, -Q^, s')f^ ^1 + QV4M2 ' 



5 



2 _ ( Vi^ + 2 M) (5 - + g^) + (5^ - g + g^)x/? 
a;i and a;2 are the Wigner rotation parameters: 



u)\ = arctg 



UJ2 — arctg- 



(12) 



M{s + s' + Q2)a(s, s') + Vss'(4M2 + Q'^] 

a{s, s') = 2M + ^ + Vs', 'i?(s, <5^ s') = ^(s' - Si) - 0{s' - S2), 6 is the 
step-function: 

' , a; < 
1 , X > , 

1 



^(x) 



si,2 - 2M^ + — ^(2M^+g^)(s-2M^)T; 



M is the mass of the u- and J— quarks. The functions si,2(s, Q'^) give the 
kinematically available region in the plane {s,s'). G^'^^ — G'^'^(g^) are 
Sachs form factors of u- and rf— quarks. 

The non-relativistic limit of equations (8) gives the following forms of 
the form factors: 



Gem = {gI{Q') + GiiQ^)) liQ') , GgiQ') = , 

gm{q') = ^ {guq') + GiiQ')) im , 



(13) 



HQ') 
gNR{k,Q'^,k') 



r dk k' ' dk' u{k) QNRik, Q\ k')u{k') , 



kk'Q 



9 k' 



k 



Q 



9 k'-k 



Q 



Let us note that the obtained result (13) coincides with the one derived 
in standard non-relativistic calculations for composite system form factors 
in the impulse approximation [13]. So, Eq. (8) can be considered as a 
relativistic generahzation of the equations of Ref. [13]. 



2 p-meson electromagnetic structure 

Electroweak properties of composite hadron systems were described in the 
RHD approach in a number of papers. The most popular approach in the 
frame of RHD is the light-front dynamics [7, 14, 15, 16, 17, 18, 19]. Re- 
cently some calculations in the frame of instant form [20, 21] and point form 
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dynamics [22] have appeared. The p - meson electromagnetic structure was 
calculated in Refs. [14, 15, 23, 24, 25] in the light-front dynamics approach. 

In this section we make use of the results of the previous sections to 
calculate the p - meson electromagnetic properties. 

The p - meson electromagnetic form factors are calculated using Eqs. (8), 
(9)-(12) in MIA. The wave functions in sense of RHD in Eq. (8) at J = 
S — 1 ,1 — Q are defined by the following expression (see e.g. [1]): 

ip{k{s))^ ^u{k)k , k^^Vs-4M^ (14) 
and is normalized by the condition: 

u^{k)k^dk^l, (15) 



/ 



here u{k) is a model wave function. 

For the description of the relative motion of quarks (as in Ref. [1] in the 
case of pion) in Eq. (14) the following phenomenological wave functions are 
used: 

1. A Gaussian or harmonic oscillator (HO) wave function (see, e.g., 
Ref. [19]) 

u{k) = Nho exp (-A;V2 h^) ■ (16) 

2. A power-law (PL) wave function [18]: 

u{k) = NpL {P/b^ + 1)-" , n = 2 , 3 . (17) 

3. The wave function with linear confinement from Ref. [26]: 

u{r) = Nt exp(-ar^/2 - /5r) , a = -^2M^a , (3 = M^b , (18) 

3 

here a , b are the parameters of linear and Coulomb parts of potential re- 
spectively, Mj. is the reduced mass of the two-particle system. 
For Sachs form factors of quarks in Eqs. (10) we have: 

GUQ') = e, Um , = (e, + K,) , (19) 

where is the quark charge and Kq is the quark anomalous magnetic mo- 
ment. For fq{Q^) the form of Ref. [27] is used: 

^'^'^'^ = l + ln(l + (r,2)gV6) • 

Here (r^) is the mean square radius (MSR) of constituent quark. 

The details describing the cause of the choice (20) for the function fq{Q'^) 
can be found in Ref. [27] (see also Ref. [1]) and are based on the fact that 
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this form gives the asymptotics of the pion form factor as — > oo that 
coincides with the QCD asymptotics [28]. 

So, for the calculations we use a standard set of parameters of constituent 
quark model. The structure of the constituent quark is described by the 
following parameters: M„ = Mj = M is the constituent quark mass, Ku , 
are the constituent quarks anomalous magnetic moments, (r^) = (r|) = 
( r^) is the quark MSR. The interaction of quarks in p meson is characterized 
by wave functions (16) - (18) with the parameters b , a , f3. 

The parameters were fixed in our calculation as follows. We use M=0.25 
GeV [29] for the quark mass. The quark anomalous magnetic moments 
enter the equations through the sum («;„ + kj) and we take Ku + Kg — 0.09 
in natural units following [30]. 

For the quark MSR we use the relation (r^) ~ [31, 32]. 

The parameter b in the Coulomb part of the potential in Eq. (18) is b 
= 0.7867. This gives the value as = 0.59 for systems of light quarks. We 
choose the parameters b in Eqs. (16) and (17) and a in Eq. (18) so as to fit 
the MSR of p meson. 

The p - meson MSR is given by the equation (r^) — (r^) = 0.11±0.06 
fm^ [31, 32]. For the pion MSR the experimental data [33] is taken: (r^)^/^ 
= 0.657±0.012 fm. 

We use the following relation for the p-meson MSR: 



(21) 



The p - meson mass in Eq. (8) is taken from Ref. [34]: Mc = Mp — 
763.0±1.3 MeV. 

The magnetic Pp and the quadrupole Qp moments of p meson were 
calculated using the relations [12]: 



Gm(0) = ^/.p, Gq{Q)=MIQp. 



(22) 



The static limit in Eqs. (8) gives the following relativistic expressions for 
moments: 



1 /■°° 

2 J2M 



Vs - 4 M2 



1 - L{s) + {Ku + Kg) 



roo 

Qp^- d^/s 
J2M 

L{s) 



M 



^/s + 2M 



+ Ku + K^ 



L{s) 
AMVs - 4M2 



(23) 
(24) 



2M2 



2M2 



Vs-4M2(^ + 2M) 

Vs-\/s-4M2 



^s(s-4M2) + 



+ ln 
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Let us note that the nonzero p - meson quadrupole moment appears due to 
the relativistic effect of Wigner spin rotation of quarks only. So, measuring 
of the quadrupole moment can be a test of the relativistic invariance in the 
confinement region. 

The Wigner rotation contributes to the magnetic moment, too. Without 
spin rotation {uj^ = a;2 = in (12)) we have for the magnetic moment: 

To estimate the contribution of Wigner rotation we have calculated the 
p-meson MSR (f^) without spin rotation {cui = a;2 = in Eqs. (8), (9), 
(12), (21)). 

To estimate the contribution of the relativistic effects to the p - meson 
electromagnetic structure the non-relativistic calculation of electromagnetic 
form factors, MSR (r|^^) and magnetic moment /ipNR was performed using 
Eqs. (13), (21), (22). 

The calculation of the non-relativistic magnetic moments using Eq. (22) 
gives the following result which does not depend on the model wave func- 
tions: 

/^pjvii = l + «« + «j- (26) 

The values of parameters being fixed before we obtain /ipNR — 1-09. 

The results of the calculation of the p - meson statical moments are 
given in the Table I. The relativistic results for the same parameters but 
without Wigner spin rotation (cui = a;2 = in Eq. (12)), as well as of 
non-relativistic calculation are given, too. The number of significant digits 
is chosen so as to demonstrate the extent of the model dependence of the 
calculations. 

As one can see from the table the contributions of the spin rotation to 
the magnetic moment and to MSR depend weakly on the model for the 
quarks interaction in p meson. This contribution to the MSR is 24%-26% 
and is negative. This result differs from that of the paper [14] where the 
contribution of spin rotation (Melosh rotation) to MSR calculated in the 
frame of light-front dynamics is positive. 

The spin rotation contribution to the magnetic moment in our calcu- 
lations is 11%-12% and is negative, too. The total relativistic corrections 
to MSR in our approach are positive and enlarge the non-relativistic value 
essentially - almost twice in the case of the model (16) and for 70% - 80% 
for the models (17), (18). 

The total relativistic corrections for the magnetic moment as compared 
to the non-relativistic result (see Eq. (26)) are negative and have the value 
of 21%-22%. Let us note, that in the light-front dynamics approach [15] a 
different result was obtained: the positive relativistic correction of the value 
of 10% to the magnetic moment. 
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Table 1: The p - meson statical moments obtained with the different model 
wave functions (16) - (18). (r^^) is nonrelativistic MSR, (f^) is relativistic 
MSR without spin rotation contribution, /i^ is relativistic magnetic moment 
(23), jlp is relativistic magnetic moment without spin rotation (25), Qp is 
quadrupole moment (24). The wave functions parameters are obtained from 
the fitting of p - meson MSR obtained through the relativistic calculation 
with spin rotation, (r^) - (r^) = 0.11±0.06 fm^ [31, 32]. The pion MSR 
was taken from the experimental data [33]: (r^)^*^^ = 0.657±0.012 fm. The 
magnetic moments are in natural units, the quadrupole moments and MSR 
are in fm^. The parameters h in (16) and (17) - are in GeV and a in (18) - 
in GeV^. The values of other parameters are given in the text. The number 
of the significant digits is chosen so as to demonstrate the extent of model 
dependence of calculations. 



Wave 














functions 


h , a 










Qp 


(16) 


0.231 


0.275 


0.731 


0.852 


0.966 


-0.0065 


(17) n=2 


0.302 


0.319 


0.711 


0.864 


0.972 


-0.0059 


(17) n=3 


0.430 


0.305 


0.710 


0.866 


0.973 


-0.0061 


(18) 


0.028 


0.301 


0.711 


0.865 


0.973 


-0.0061 



The results of calculations for the p - meson electromagnetic form factors 
are represented in Fig. 1-4. 

Let us note that our charge form factor has no dip in contrast with 
the results of the paper [15]. The relativistic corrections in our approach 
diminish essentially the rate of the decreasing of the charge and magnetic 
form factors at large values of momentum transfer. We demonstrate in 
the figures the case of the model (16) with the exponential decreasing of 
the nonrelativistic form factors with the increasing Q^. The nonrelativistic 
quadrupole form factor is zero in the absence of the D-state in the two- 
particle system. 

In Fig. 4 the contribution of Wigner rotation of quark spins to the p - 
meson charge form factor is shown. This contribution depends weakly on 
the momentum transfer in the range from 1 to 5 GeV^ and its value is 
approximately 10%. 

3 Conclusion 

The electromagnetic form factors, quadrupole and magnetic moments, and 
MSR of the p-meson were calculated in the framework of the instant form 
of relativistic Hamiltonian dynamics (RHD). 

The special method of construction of the electromagnetic current ma- 
trix elements for the relativistic two-particle composite systems with nonzero 
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Figure 1: The results of the calculations of the p-meson charge form factor 
with different model wave functions. The values of the parameters are given 
in the Table I. The solid line represents the relativistic calculation with the 
wave function (16), the dashed line - with (17) for n = 3, dash-dot-line 
- with (18), dotted line - with (17) for n = 2, dot-dot-dash-line - the 
non-relativistic calculation with (16). 
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Figure 2: The results of the calculations of the p-meson quadrupole form 
factor with different model wave functions, legend as in Fig.l 




1 2 3 4 5 

Q^(GeV^) 



Figure 3: The results of the calculations of the p-meson magnetic form 
factor with different model wave functions, legend as in Fig.l 
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0.01 ' ' ^ ' ' ' 

1 2 3 4 5 

Q^(GeV^) 

Figure 4: The contribution of the relativistic spin rotation effect. The 
results of the relativistic calculation of the p-meson charge form factor with 
the wave function (16) using the same parameters as in Fig.l. Solid line 
represents the relativistic calculation with spin rotation, dotted line - the 
relativistic calculation without spin rotation. 
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total angular momentum is used to obtain the integral representation for 
the electromagnetic form factors. 

The modified impulse approximation (MIA) — with the physical con- 
tent of the relativistic impulse approximation — is formulated in terms of 
reduced matrix elements on Poincare group. MIA conserves Lorentz covari- 
ance of electromagnetic current and the current conservation law. 

A reasonable description of the static moments and the electromagnetic 
form factors of p meson is obtained in the developed formalism. A number 
of relativistic effects are obtained, for example, the nonzero quadrupole 
moment (in the case of S state) due to the relativistic Wigner spin rotation. 

So, it is shown that the instant form of RHD can be used to obtain 
an adequate description of the electroweak properties of composite systems 
with nonzero total angular momentum. 

This work was supported in part by the Program "Russian Universities- 
Basic Researches" (Grant No. 02.01.013) and Ministry of Education of 
Russia (Grant No. E02-3.1-34). 
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